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I. INTRODUCTION 
 

In sciences and engineering, mathematical models are 

developed to understand as well as to interpret physical 

phenomena, many of such phenomena, when modeled, often 

result into higher order ordinary differential equations of the 

form:  

  

 ,,,,,   xgiv
                 0,0,0,0 0000   aaaa                                                (1) 

 
An essential mathematical tool for modeling a range of 

physical processes that occur in several scientific and 

engineering fields is the fourth order ordinary differential 

equation, including fluid dynamics, vibration analysis, 

control systems, and structural mechanics. According to [1], 

the fourth derivative can be optimized to predict, improve, 

and enhance computational efficiency and solution accuracy 

with superior accuracy and a good region of absolute stability. 

Equation (1) is used to solve problems in a number of real-

world domains that frequently occur in physical systems in 

science and engineering, such as mechanics, control theory, 

beam deflection, and ship dynamics, among others. However, 
the majority of these physical issues are complex systems for 

which an analytical solution is exceedingly challenging, if not 

possible. Numerical techniques, which solve (1), are 

therefore essential tools. As a result, fourth order ordinary 

differential equations have garnered a lot of attention from 

researchers, and as a result, theoretical and numerical studies 

addressing (1) have recently surfaced in literature. As 

demonstrated by [2] and [3]. An old conventional way to 

solve (1) is the method of first reducing (1) to system of first 

order differential equation, to solve the resulting system of 

equations by any of the existing methods of solving first order 

ordinary differential equations. Literatures abounded in this 

old conventional method of solving problems of type (1) 

numerically are [4]-[6]. The drawbacks of this method 

include computational cumbersomeness and longer computer 

tine and space. In addition, [7] observes that these methods 

do not utilize additional information associated with a 

specific ordinary differential equation, such as oscillatory 

nature of the solution. To circumvent these drawbacks, many 

researchers have solved (1) directly; amongst these are [8]-

[10] who develop blocked methods for numerical solution of 
fourth order ordinary differential equations. Among those 

who have recently embraced the hybrid approach as an 

alternative to the direct method for approximating (1) are 

[11], [12], and [13]. [1] have also proposed an optimized 

approach by using a novel fourth-order block algorithm to 

numerically solve fourth-order initial value problems; [14] 

have proposed an optimization of a two-step block method 

with three hybrid points for solving third-order initial value 

problems. [15] have proposed an optimization of a one-step 
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block method with three hybrid points to solve first-order 
ordinary differential equations; [16] have also proposed an 

adaptive optimized step size hybrid method for integrating 

differential systems; and [17] has used the optimized 

approach to derive a two-step second derivative method for 

solving stiff systems. The three-step method created for this 

article, optimizes one of the two off-point placements by 

setting the principal term of the local truncation error to zero 

and using the local truncation error to estimate the values of 

the unknown parameter.  

 

II. DERIVATION OF THE METHOD 
 

We take our basis function to be exponentially fitted of 

the form 

 

   
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Where   are real unknown coefficients that will 

be determined, while 𝑟 + 𝑠 denotes number of collation and 

interpolation points.     

 

The first, second, third and fourth derivatives of (2) are given 

by  
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 Substituting (3) into (1) gives 
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Now interpolating (2) at first, second and third derivative at
nt and collocating (4) at all points 

 , 0, , , 1,2,3n nt t h r s      , give a nonlinear equation of the form 
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Applying the Guassian elimination method to solve equation (5) gives the coefficient    , 0 , 0, , ,1,2,3i jj and r s   

. The values are then substituted into equation (2) to give the implicit continuous hybrid method of the form; 
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by substituting 1m  in (6) we obtain a multistep formula to approximate the solution of (1) at the point 
1nt 

which yields 
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Also by substituting 1m  in the first derivative of (6) we obtain a multistep formula to approximate the solution of (1) at the 

point 
1'nt 

which yields 
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Also by substituting 1m  in the second derivative of (6) we obtain a multistep formula to approximate the solution of (1) at 

the point 1''nt  which yields 
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Finally, by substituting 1m  in the third derivative of (6) we obtain a multistep formula to approximate the solution of (1) 

at the point 
1'''nt 

which yields 
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 Derivation of the Optimize Method 

The derivation for the implementation of the optimized three step at third derivative is given by 

 

 Expanding (10) using the Taylor series to obtain the corresponding Local Truncation Error: 
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 Equating the principal term of the Local Truncation Error in (11) to zero, and keeping 𝑠 as a free 

  

    parameter and assigning the value 
2

3
s  , we obtain the value 𝑟 =
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 Substituting the values of 𝑟 and 𝑠 into (7) – (10) produces the following general equations in block form 
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this gives a discrete schemes: 
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 

                              
(13) 

 

III. ANALYSIS OF BASIC PROPERTIES OF THE METHOD 

 

 Order of the Block 

Let the linear difference operator 𝐿{𝜑(𝑡): ℎ} associated with the new method (13) be express in the form 

 

         
         44

0 0

:
N N

j j

j j

L x h p t jh h g t jh  
 

    
                                                                                                (14) 

 

By expanding 𝜑(𝑡 + 𝑗ℎ) and g(𝑡 + 𝑗ℎ) in Taylor series, (14) becomes: 

 

            1 1 4 4

0 1 1 4: ' p p p p p p

p p pL x h C x C x C h x C h x C h x        

        
 

 

According to Lambert, 1973, the linear operator L and its corresponding block formula are of order 𝑝, if 𝐶0 = 𝐶1 = ⋯ = 𝐶𝑝 =

𝐶𝑝+1 = 𝐶𝑝+2 = 𝐶𝑝+3 = 0 and 𝐶𝑝+4 ≠ 0. The term 𝐶𝑝+4 is called the error constant and implies that the local truncation error is 

given by: 

 

𝑡𝑛+𝑘 = 𝐶𝑝+4ℎ
𝑝+4𝑦𝑝+4(𝑥) + 𝑂(ℎ𝑝+5). 

 

Our method involves expanding (13) in the Taylor series, then comparing the coefficient of ℎ yields  

 

𝐶0 = 𝐶1 = 𝐶2 = 𝐶3 = ⋯ = 𝐶9 = 0 
 

Hence the block (13) has order 5 with error constant: 

 

 
 

 Consistency of the Method 

According to (Lambert, 1991), the hybrid block method 

is said to be consistent if it has an order more than or equal to 

one. Therefore, our method is consistent. 
 

 Zero Stability of the Method 

The hybrid block (13) is said to be Zero stable if the 

roots 𝑧𝑖 , 𝑖 = 0, 𝑟, 𝑠, 1, 2, 3 of the first characteristic 

polynomial 𝜌(𝑧) = 0 that is 
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  0det
0

)( 







 




k

j

iki zAz , satisfies |𝑧𝑖| ≤ 1 and the 

roots |𝑧𝑖| = 1, has multiplicity not exceeding the order of the 

differential equation. Hence, our method is zero-stable. 

 

 

 

 Convergence of the Method 
The necessary and sufficient condition for a numerical 

method to be convergent is for it to be consistent and Zero 

stable. Thus since it has been successfully shown from the 

above condition, it could be seen that our method is 

convergent. 

 

 Region of Absolute Stability of the Method 

The stability polynomial for the method is given as: 

 

 
Fig 1 Region of Absolute Stability for the new Method 

 

IV. NUMERICAL EXPERIMENTS 

 

To validate the accuracy and suitability of the our method, we solve some initial value problems of fourth order ordinary 

differential equations and compare the results with the work. 

 

Problem 1          𝑦𝑖𝑣 = 𝑥 
 

𝑦(0) = 0, 𝑦′(0) = 1, 𝑦′′(0) = 0, 𝑦′′′(0) = 0, 
 

Exact solution:           𝑦(𝑡) =
𝑥5

120
+ 𝑥 

 
Table 1 Comparison of Absolute Error for Problem 1 

𝒕 
An Error in 

Muritala et al., (2023) 

An Error in 

Akinnukawe et al., (2024) 

An Error in the New 

Method 

0.1 0.0000e-00 1.3878e-17 0.0000 

0.2 0.0000e-00 2.7756e-17 0.0000 

0.3 0.0000e-00 5.5511e-17 1.0000e-20 

0.4 0.0000e-00 5.5511e-17 2.0000e-20 

0.5 0.0000e-00 0.0000 5.0000e-20 

0.6 0.0000e-00 1.1102e-16 1.0000e-19 

0.7 0.0000e-00 1.1102e-16 1.7000e-19 

0.8 0.0000e-00 2.2205e-16 2.8000e-19 

0.9 0.0000e-00 2.2205e-16 4.5000e-19 

1.0 0.0000e-00 2.2205e-16 0.0000 

 

Problem 2              𝑦𝑖𝑣 = 4𝑦′′ 
 

-5 -4 -3 -2 -1 0 1
-3

-2

-1

0

1

2

3

Re(z)

Im
(z

)
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𝑦(0) = 1, 𝑦′(0) = 3, 𝑦′′(0) = 0, 𝑦′′′(0) = 16 
 

Exact solution:             𝑦(𝑡) = 1 − 𝑡 + 𝑒2𝑡 − 𝑒−2𝑡 
 

Table 2 Comparison of Absolute Error for Problem 1 

𝒕 
An Error in 

Awoyemi et al., (2015) 

An Error in 

Muritala et al., (2023) 

An Error in the New 

Method 

0.003125 0.0000e+00 0.0000e+00 0.0000 

0.006250 0.0000e+00 0.0000e+00 0.0000 

0.009375 2.2205e-16 0.0000e+00 0.0000 

0.012500 2.4425e-15 0.0000e+00 1.0000e-19 

0.015625 1.1546e-14 1.0000e-20 0.0000 

0.018750 3.3085e-14 0.0000e+00 0.0000 

0.021875 7.2831e-14 1.0000e-20 1.0000e-19 

0.025000 1.3700e-13 0.0000e+00 0.0000 

0.028125 2.3093e-13 0.0000e+00 1.0000e-19 

0.031250 3.6082e-13 1.0000e-20 0.0000 

 

V. CONCLUSION 
 

It is evident from the above tables that our proposed 

method; the optimized approaches can handle stiff equations 

and, in fact, converge faster than the compared method. 

Hence the approach has a significant improvement over the 

existing methods.  
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